Abstract: In this paper we consider the modified Hadamard product or convolution of analytic functions with negative coefficients, combined with an Sǎlǎgean integral operator. We discuss when it is a given class. Following idea of U. Bednarz and J. Sokól we shall determine the order of convolution consistence for certain analytic functions with negative coefficients.
In [12] the subfamily N of S consisting the functions of f of the form
has been considered. Let D n be the Sǎlǎgean differential operator (see [5] , [9] ) D n : A −→ A, n ∈ N, defined as
for all z ∈ U . Definition 1.1. ( [5] , [9] ) Let α ∈ [0, 1) and n ∈ N. The class S n (α) of the n-starlike functions of order α is defined by
The class S n (0) is denoted by S n . We note that S 0 = ST is the class of starlike functions and S 1 = CV is the class of convex functions. Further S 0 (α) = ST (α) is the class of starlike functions of order α and S 1 (α) = CV(α) is the class of convex functions of order α.
Let T n (α) = S n (α) N be the class of n-starlike functions of order α with negative coefficients. In particular, T 0 (α) and T 1 (α) are the classes of the starlike functions of order α with negative coefficients and the class of convex functions of order α with negative coefficient, respectively, introduced by H. Silverman [12] . We denote T n (0) by T n . (see also the works [4] , [7] , [8] for further developments involving each of the classes S n (α)).
T 0 (α, β) is the class of starlike functions of order α and type β, and T 1 (α, β) is the class of convex functions of order α and type β, further T n (α, 1) = T n (α) is the class of n-starlike functions of order α with negative coefficients.
This result is sharp.
From Definition 1.2 and Theorem 1.3, we have the following theorem:
The convolution or the Hadamard product of two functions f and g in A of the form
Let use consider the Sǎlǎgean integral operator (see [2] , [3] , [5] 
) Let X , Y and Z be subset of A. We say that the triple (X , Y, Z) is S-closed under the convolution if there exists a number S(X , Y, Z) such that
The number S(X , Y, Z) is called the order of convolution consistence of the triple (X , Y, Z).
In [2] U. Bednarz and J. Sokól obtained the order of convolution consistence concerning certain class of univalent functions (starlike, convex,...). Moreover, in [1] the authors studied the properties of the integral convolution of the neighborhoods of these classes.
The modified Hadamard product or ⊛-convolution of two functions f and g in N of the form
is the function (f ⊛ g) defined by
The order of ⊛-convolution consistence of the triple (X , Y, Z), where X , Y and Z are subsets of N , is denoted by S ⊛ , where
G. Sǎlǎgean and A. Taut in [10] obtained the order of convolution consistence concerning the classes of starlike functions with negative coefficients and convex functions with negative coefficients. They proved the following theorem:
We note that T 0 = ST N and T 1 = CV N .
In this paper we obtain the order of ⊛-convolution concerning the class T n (α).
Main Result
Theorem 2.1. Let 0 < α < 1, if f ∈ T n+p (α) and g ∈ T n+q (α), then I s (f ⊛ g) ∈ T n+r (α), where p, q, r, n ∈ N and
This result is sharp, and we have
Proof. Since f ∈ T n+p (α) and g ∈ T n+q (α). If f and g have the form (3), then from (2) in Theorem 1.4, we have
and by the Cauchy-Schwarz inequality, we obtain
We need to find conditions on s, r, p, q, n such that
Thus, it is sufficient to show that
From (7), we know that
Consequently, it is sufficiently to have
or, equivalently,
Letting φ(x) = x r−s−n−p−q x−α , x ≥ 2, we obtain
Hence, φ ′ (x) ≤ 0 for all x ≤ 2, or, φ(x) is a decreasing function on x. Consequently, from (8) it is sufficiently to have
But the inequality (9) holds for s, r, p, q, n satisfying (5) and this show that
Finally, by using the extremal functions
From (4), we can see that
But from (2) in Theorem 1.4 we deduce
and (11) show that the inequality (5) is sharp and we have,
Therefore from (10) and (12), the relation (6) holds true. The proofs runs as in the previous proof.
Corollary 2.2. Let 0 < α < 1. We have the following ⊛-convolution consistence
, where p, q, r, n ∈ N and
Proof. Since f ∈ T n+p (α) and g ∈ T n+q (β), if f and g have the form (3), then from (2) in Theorem1.4, we have
From (15), we know that
Consequently, it is sufficiently to have,
Letting φ(x) = (x−γ) (x−α)(x−β) x r−s−n−p−q , x ≥ 2, we obtain that
Hence, φ ′ (x) ≤ 0 for all x ≤ 2, or, φ(x) is a decreasing function on x. Consequently, from (16) it is sufficient to have
Theorem 2.5. Let 0 ≤ α ≤ 1, if f ∈ T n+p (α) and g ∈ T n+q Then I s (f ⊛ g) ∈ T n+r (α), where p, q, r, n ∈ N and
This result is sharp, and we have
Proof. In Theorem (2.3), we set α = γ and β = 0. Corollary 2.6. Let 0 < α < 1, we have the following ⊛-convolution consistence
Theorem 2.7. Let 0 < α < 1, if f ∈ T n+p (α) and g ∈ T n+q Then I s (f ⊛ g) ∈ T n+r , where p, q, r, n ∈ N and
Proof. In Theorem (2.3), we set β = γ = 0.
Corollary 2.8. Let 0 < α < 1,. We have the following ⊛-convolution But the inequality (25) holds for s, r, p, q, n satisfying (22) and this show that
From (4) we can see that
and (27) show that the inequality (22) is sharp and we have, S ⊛ (T n+p (α), T n+q (α), T n+r (α)) ≥ r − n − p − q − log 2 1 + β(3 − 2α) 2β(1 − α) .
Therefore from (26) and (28) the relation (23) holds. Those proofs run as the previous ones.
Corollary 2.10. Let 0 ≤ α < 1, 0 < β ≤ 1. We have the following ⊛-convolution consistence (a) S ⊛ (T 0 (α, β), T 0 (α, β), T 0 (α, β)) = − log 2 1 + β(3 − 2α) 2β(1 − α) , (b) S ⊛ (T 0 (α, β), T 0 (α, β), T 1 (α, β)) = 1 − log 2 1 + β(3 − 2α) 2β(1 − α) , (c) S ⊛ (T 1 (α, β), T 0 (α, β), T 0 (α, β)) = −1 − log 2 1 + β(3 − 2α) 2β(1 − α) , (d) S ⊛ (T 1 (α, β), T 1 (α, β), T 0 (α, β)) = −2 − log 2 1 + β(3 − 2α) 2β(1 − α) , (e) S ⊛ (T 1 (α, β), T 0 (α, β), T 1 (α, β)) = − log 2 1 + β(3 − 2α) 2β(1 − α) , (f ) S ⊛ (T 1 (α, β), T 1 (α, β), T 1 (α, β)) = −1 − log 2 1 + β(3 − 2α) 2β(1 − α) .
